An advanced digital filter method is presented to generate divergence-free synthetic turbulence with homogeneous anisotropic velocity spectra. The resulting fluctuating velocity field is obtained through a superposition of anisotropic Gaussian eddies. This method is used to generate a two-dimensional turbulent flow with the key statistics of homogeneous axisymmetric turbulence. This type of turbulence has been reported in aero-engine intakes, fan wakes and open-jet wind tunnel experiments. The advanced digital filter method is implemented in a linearized Euler solver in order to investigate potential effects of anisotropic turbulence on leading edge noise. Computational aeroacoustic simulations are performed for anisotropic turbulence with streamwise-to-transverse length scale ratios ranging from 0.33 to 3 on a number of isolated airfoil configurations, including variations in mean flow Mach number, airfoil thickness and angle of attack. Noise reduction due to airfoil thickness is assessed on a NACA 0012 airfoil at zero angle of attack, showing similar trends for both isotropic and moderately anisotropic turbulent flows. Effects of anisotropic turbulence on noise become evident for airfoil configurations at non-zero angle of attack.
I. Introduction
E ngines, high-lift devices and landing gears are the main contributors to broadband noise generated by commercial aircraft during take-off and approach.
1 Modern turbofan engines have reduced jet noise compared to older designs by increasing the bypass ratio. The main source of engine broadband noise is now associated with the interaction of the fan wakes with the Outlet Guide Vanes (OGVs).
2 Leading edge noise, also known as turbulence-airfoil interaction noise, is the underlying cause of the fan wake-OGV interaction noise, as well as the turbulence ingestion noise, including the interaction between the inlet boundary layer and the fan. Additionally, turbulence-airfoil interaction noise is also relevant in Contra-Rotating Open-Rotors (CRORs), helicopter rotors and wind turbines.
In order to obtain a better understanding of leading edge noise, a number of analytical, 3,4 experimental
5−7
and numerical 8−12 studies have examined the interaction of isolated airfoils with homogeneous and isotropic turbulence. However, the majority of analytical models are restricted to flat plate theory and do not account for real geometry airfoils. Experiments using grid-generated turbulence produce a turbulent inflow that presents a certain degree of anisotropy. Furthermore, the effect of the angle of attack on the leading edge noise is difficult to quantify in open-jet wind tunnel facilities, where the jet deflection changes the effective angle of attack that is perceived by the airfoil. Consequently, low-cost numerical simulations using Computational AeroAcoustics (CAA) solvers have been used to study complex isolated airfoil configurations. These usually solve the full or linearized Euler equations using isotropic synthetic turbulence.
To date, variations in leading edge noise due to isotropic turbulence interacting with real geometry airfoils are well-understood. An increase in airfoil thickness produces a significant reduction on the noise levels at high frequencies, 5, 10 whereas changes in angle of attack and camber produce minor effects on noise levels. 6, 7, 11 However, few works have addressed the effects of anisotropic turbulence on leading edge noise, despite the anisotropic features of turbulence in the engine intake 13−16 and fan wakes.
17 Figure 1 shows a schematic representation of anisotropic turbulence in turbofan engines. Turbulence length scales of the order of 10 2 times larger in the axial direction when compared to lateral direction were reported in static test conditions of a fan intake. 13 Although this anisotropy is significantly reduced in flight conditions, 14 boundary layer turbulence, which interacts with the fan blade tip, also presents strong anisotropy. Highly anisotropic turbulent flows at the fan intake could be modeled by assuming homogeneous axisymmetric turbulence. 15, 16 This type of turbulence corresponds to a simple modeling of an anisotropic flow, in which the root-mean-square velocity component and length scale vary in a prevailing axis. Additionally, axisymmetric turbulence has also been reported in experimental measurements of fan wakes, 17 where the ratio of streamwise-to-transverse integral length scales ranges from 1.4 to 4, depending on the radial location. It should be noted that for homogeneous and isotropic turbulence, the streamwiseto-transverse integral length scale ratio is 2.
18
Noise measurements of turbulence-airfoil interaction in open-jet wind tunnels are often affected by a certain degree of anisotropy. 5, 19 For instance, Paterson and Amiet 5 reported a streamwise-to-transverse integral length scale ratio of 1.25 . Current analytical models that are used to predict turbulence ingestion noise and fan-OGV interaction noise are highly sensitive to input turbulence spectra. 16, 20 Thus, a good understanding of the effects of anisotropic turbulence on isolated airfoil configurations can help to improve noise predictions.
The aim of the current work is twofold. Firstly, an advanced digital filter method to produce anisotropic synthetic turbulence is presented and validated. The method, which is an extension of a previous work on isotropic turbulence, 12 is able to produce divergence-free homogeneous anisotropic turbulence with the desired spectral content. Secondly, the effects of anisotropic turbulence on leading edge noise predictions are studied under the assumption of homogeneous axisymmetric turbulence. To this end, a number of isolated airfoil configurations are investigated for different degrees of anisotropy in the turbulent inflow. The study also addresses the effects of the freestream Mach number, airfoil thickness and angle of attack.
II. Previous Work
A bibliographic review of the methods to generate anisotropic synthetic turbulence is presented in Section II.A. The methods presented herein have been conceived for either CAA or Large Eddy Simulations (LES). The characteristics of some methods developed for LES, such as divergence-free fluctuating velocity, makes them suitable for CAA simulations. Then, studies on leading edge noise using anisotropic turbulence are presented in Section II.B. The latter includes works on isolated airfoil configurations, as well as airfoil cascades. Preliminary findings of the effects of anisotropic turbulence on leading edge noise are highlighted.
II.A. Studies to Generate Anisotropic Synthetic Turbulence
Synthetic turbulence methods are typically based on a summation of Fourier modes, digital filters or synthetic eddies. These methods define velocity fluctuations that fulfill the divergence-free condition, which is required to avoid the introduction of spurious noise in CAA simulations.
An early work by Kraichnan 21 proposed to generate stochastic velocity fields by superposing a number of Fourier modes. The method, which was conceived for Gaussian spectra, was able to produce isotropic turbulence. Based on Kraichnan's work, 21 Smirnov et al. 22 generated anisotropic turbulence through a scaling and orthogonal transformation of the velocity correlation tensor. This technique, which was developed for LES applications, produces a fluctuating velocity field that is not completely divergence-free in cases that consider highly anisotropic turbulence. In order to account for non-Gaussian energy spectra, Huang et al. 23 proposed to generate a number of independent velocity fields following the approach of Smirnov et al.
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The superposition of all the flow fields matches a desired turbulence spectrum. Recently, Castro et al. 24 introduced a number of parameters to better control the statistical properties of the anisotropic velocity generated with Huang et al. ' In the area of digital filter methods for LES, Klein et al. 30 developed a method to match anisotropic velocity correlations by filtering random data with filters of different lengths in each spatial direction. Nevertheless, the method was not divergence-free. Based on Klein et al.'s work, 30 Ewert 31 developed the Random Particle-Mesh method to generate synthetic turbulence for CAA applications. This method could deal with anisotropic flows by using Smirnov et al.'s transformation. 22 Siefert and Ewert 32 introduced a hierarchy of filters to account for anisotropy in the Reynolds stress tensor and length scales.
Synthetic eddy methods can also deal with anisotropic turbulence by using eddies with different amplitude and length scales in each spatial direction. 33, 34 For instance, Poletto et al. 33 defined the eddies in the local principal axes, where the Reynolds stress tensor is diagonal. Then, a rotation matrix was applied to define the eddies in the global reference system, which causes the eddies to be oriented at different inclinations.
II.B. Studies of Leading Edge Noise using Anisotropic Turbulence
Relatively few experimental works have investigated the effects of anisotropic turbulence on leading edge noise. Unlike classic studies using nearly isotropic grid-generated turbulence, 5, 6, 7 Olsen and Wagner 35 tested a number of symmetric airfoils at zero angle of attack interacting with a jet flow. The airfoils were placed within the shear layer of the jet, where anisotropic turbulence occurs. The study showed a linear noise reduction when comparing sound pressure level from thick and thin airfoils. Hall et al. 36 measured the noise from thick airfoils interacting with anisotropic turbulence from a boundary layer. Variations in the leading edge radius affected measured noise levels and led to local changes of airfoil angle of attack.
A study on the effects of anisotropic turbulence on leading edge noise was performed by Devenport et al. 7 Noise predictions on a NACA 0015 airfoil were performed by means of a panel method 37 and the axisymmetric turbulence spectra proposed by Kerschen and Gliebe. 15 The latter, which is based on a previous work by Chandrasekhar, 38 provides a spectral representation of the turbulent flow by assuming homogeneous turbulence. Devenport et al. 7 showed a significant increase in noise levels with increasing angle of attack, when the streamwise length scale was twice the transverse length scale. However, the study was limited to frequencies below 1000 Hz at a freestream Mach number of 0.08. It should be noted that the effect of angle of attack on noise was found to be negligible for airfoils in isotropic turbulence. 6, 7, 11 The homogeneous axisymmetric turbulence model of Kerschen and Gliebe 15 has also been used by Hanson 39 and Posson et al. 20 in flat plate cascade models. In particular, Posson et al. 20 used an streamwiseto-transverse length scale ratio of 2. This length scale ratio shifted the maximum spectrum level of noise towards lower frequencies and reduced the noise level up to 16 dB at high frequencies, when compared to the noise prediction using isotropic turbulence.
A different axisymmetric turbulence model, based on rapid distortion theory, 40 was used by Atassi et al.
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when studying turbulence ingestion noise. For turbulence stretched in the streamwise direction, the peak noise level moved to lower frequencies. A decrease in noise levels was also reported in mid-range frequencies.
In the area of CAA simulations, Gill et al. 11 studied the airfoil response to constant amplitude gusts on thick airfoils at non-zero angle of attack. It was shown that the peak noise level was shifted to nonzero transverse wavenumbers and increased in amplitude at moderate angles of attacks. This suggests that anisotropic turbulence could play a significant role in the leading edge noise of airfoils at non-zero angle of attack.
III. CAA method
The present work uses a well-established high-order finite difference numerical solver that has been used in prior CAA studies. 41−43 In the current investigation, the LEEs are solved in the time-domain by using a 4th-order implicit spatial scheme. 44 The numerical solution is filtered after each time step for numerical stability. 45 The time derivatives are obtained by using a 4-6 Low Dispersion and Dissipation Runge-Kutta (LDDRK) scheme.
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A slip-wall boundary condition is used on the airfoil surface. Additionally, implicit buffer zones 47 are applied in order to prevent sound waves from being reflected at the edge of the CAA domain.
Numerical simulations presented in this work were run with mean flow density ρ 0 = 1. 
IV. Homogeneous Anisotropic Synthetic Turbulence
The majority of methods to generate anisotropic synthetic turbulence focus on reproducing the Reynolds stress tensor, which is related to one-point velocity correlations. However, the spectral content of the turbulent flow plays an important role in broadband noise predictions of turbulence-airfoil interaction. Turbulent velocity spectra are obtained through Fourier transform of the two-point velocity correlation tensor. 18 The assumption of spatially homogeneous turbulence results in closed-form expressions for the velocity spectra, which is convenient for leading edge noise predictions.
Synthetic eddy methods usually require a large number of constraints and input parameters to obtain the correct statistics of a turbulent flow. For instance, Kim and Haeri 48 used 15 constraints to reproduce the isotropic von Kármán spectrum in three-dimensional simulations. Fourier mode methods struggle to produce anisotropic turbulent flows that are completely divergence-free. Moreover, a large number of modes is require to obtain a turbulent flow with well-defined velocity spectra, which increases the computational cost.
In this work, further developments of an advanced digital filter method 12 are presented to generate spatially homogeneous, but anisotropic, synthetic turbulence. In Section IV.A, the equations of two-dimensional Gaussian eddies are reviewed for isotropic turbulence and extended for anisotropic turbulence. Input parameters to introduce Gaussian eddies through an inlet section are also given. The resulting turbulent flow is homogeneous, with well-defined Gaussian velocity spectra, and divergence-free, which is required to avoid spurious noise sources due to the turbulent inflow in the computational domain. A superposition of anisotropic Gaussian velocity spectra is proposed in Section IV.B to reproduce the key statistics of Kerschen and Gliebe's axisymmetric turbulence model.
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IV.A. Isotropic and Anisotropic Gaussian Turbulence
Gaussian velocity spectra are often used in synthetic turbulence methods 12,21,22,31 as a simplified but representative approach to model the spectral content of realistic turbulent flows. Section IV.A.1 presents an overview of the advanced digital filter method 12 for the generation of two-dimensional isotropic turbulence with Gaussian velocity spectra. An extension of this method is presented and validated in Section IV.A.2 to account for variations in the streamwise and lateral length scales of the turbulent flow.
IV.A.1. Isotropic Gaussian Turbulence
According to Gea-Aguilera et al.'s work, 12 which is based on a previous investigation by Dieste and Gabard, 49 the fluctuating velocity field defined by a two-dimensional isotropic Gaussian eddy is
where x = (x, y) is a point in the flow field, (x e , y e ) corresponds to the eddy center, r is the distance between a point in the flow field and the eddy center, u rms is root-mean-square velocity fluctuation, Λ is the integral length scale, is a random variable that controls the direction of rotation (+1 or −1), and ∆ is the separation between eddy centers. Several eddies are introduced through an inlet section into the CAA domain to produce isotropic turbulence. In order to obtain the correct statistics of the turbulent flow, Gea-Aguilera et al. 12 showed that the eddy radius and the distance between eddy centers should satisfy r e ≥ 3Λ/2 and ∆ ≤ Λ/2, respectively. The method is able to reproduce the isotropic Gaussian energy spectrum proposed by Kraichnan 21 for two-dimensional turbulence. Therefore, the resulting velocity spectra are defined for the streamwise and transverse fluctuating velocity components as
respectively, where
y is the overall wavenumber.
IV.A.2. Anisotropic Gaussian Turbulence
An isotropic Gaussian eddy acts as a spatial filter with the same length scale, Λ, in each spatial direction. In this section, Eqs. 1 and 2 are extended to account for variations in the streamwise and transverse length scales, l x and l y , respectively. Thus, the fluctuating velocity field introduced by an anisotropic Gaussian eddy is defined as
where u 0 is a characteristic velocity term that controls the amplitude of the eddies. The same value of u 0 is used for both velocity components as a consequence of the divergence-free condition that is imposed on each eddy. It should be noted that the equations for an isotropic Gaussian eddy are recovered by setting u 0 = u rms , l x = l y = Λ, and ∆ x = ∆ y = ∆ in Eqs. 5 and 6. Figure 2 shows contours and streamlines of the fluctuating velocity field introduced by an anisotropic Gaussian eddy. This type of eddy introduces streamlines with the shape of an ellipse, i.e., the eddies are stretched in a prevailing direction. In contrast, isotropic Gaussian eddies introduce circular-shaped streamlines with a constant radius. Similarly to the implementation strategy of the advanced digital filter method for isotropic turbulence,
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eddies are introduced into the CAA domain through a local inlet section to generate anisotropic turbulence. Figure 3 shows a schematic representation of the numerical implementation. The correct statistics of the anisotropic turbulent flow are recovered provided that the separation between eddy centers are ∆ x ≤ l x /2 and ∆ y ≤ l y /2, and the eddy radii are r e,x ≥ 3l x /2 and r e,y ≥ 3l y /2. These limiting values are based on those presented for isotropic turbulence in Section IV.A.1. Since the eddies are convected as frozen turbulence 50 by the mean flow, no additional control on the eddy properties is possible once injected into the CAA domain. The assumption of frozen turbulence is often used for leading edge noise predictions, especially in the context of aero-engine broadband noise. 11, 49 A new set of anisotropic Gaussian eddies are injected into the CAA domain every ∆ x /(U x dt) iterations, where U x is the freestream speed and dt is the time step of the simulation. This ensures that the separation between eddy centers in the streamwise direction is ∆ x . The length of the inlet section in the y-direction is at least 2r e,y , which guarantees the correct turbulence statistics along the center line downstream of the inlet section. For instance, for the symmetric airfoil configuration that is shown in Figure 3 , the inlet section length should be of at least 2r e,y + t A , where t A is the maximum thickness of the airfoil.
(a) ux contours and streamlines.
(b) uy contours and streamlines. The spectral content of turbulent flows generated by using anisotropic Gaussian eddies is defined by the streamwise and transverse velocity spectra
respectively, where (k x , k y ) correspond to the wavenumber components. The integration of each velocity spectrum over the whole range of both k x and k y leads to the mean-square velocities, which are given by u 2 x,rms = u 2 0 l x /l y and u 2 y,rms = u 2 0 l y /l x . Hence, the ratio of root-mean-square velocity components is proportional to the ratio of length scales, u x,rms /u y,rms = l x /l y . This relationship, which is a consequence of the divergence-free condition, shows that it is only possible to set random values for three of the four parameters u x,rms , u y,rms , l x and l y .
For validation purposes, two simulations were run using the digital filter method to generate anisotropic Gaussian turbulence. The numerical implementation was validated using u . One-dimensional spectra for the streamwise and transverse velocity components are defined as
respectively. Figure 4 shows analytical and numerical one-dimensional spectra a obtained from velocity samples using Thomson's multitaper spectral analysis. 51 An agreement of better than 1.5 dB is found at all frequencies. 
IV.B. Anisotropic Non-Gaussian Turbulence
IV.B.1. Anisotropic Gaussian Superposition
The superposition of Gaussian spectra is useful to expand the spectral content of a turbulent flow. This technique has been used successfully in Fourier mode methods, 23, 24 and digital filter methods. 12, 32 Using an advanced digital filter method for isotropic turbulence, Gea-Aguilera et al. 12 proposed to define a new eddy shape from a superposition of Gaussian eddies. This was possible due to the relationship between the equation of the spatial filter in wavenumber space and the isotropic energy spectrum, which is related to the average kinetic energy at a particular length scale in any spatial direction. This strategy cannot be followed for anisotropic turbulence, in which the energy spectrum is not defined. In this work, generalized anisotropic velocity spectra are obtained through a linear summation of N e anisotropic Gaussian velocity spectra, i.e.,
where Φ ij,k is defined for the streamwise and transverse velocity spectra by Eqs. 7 and 8, respectively. Anisotropic Gaussian velocity spectra require the definition of an amplitude term, u 0,i , and two length scales, l x,i and l y,i . These are case-dependent parameters that rely on both the non-Gaussian velocity spectrum and the frequency range to be matched. A setup based on the numerical methodology shown in Figure 3 is followed in order to simplify the inlet section implementation. A total number, N e , of anisotropic Gaussian eddies with different u 0,i , l x,i , l y,i are a For frozen turbulence, E 11 (f ) = 2πE 11 (kx)/Ux and E 22 (f ) = 2πE 22 (kx)/Ux. introduced simultaneously at each eddy center along the inlet section. Limiting values for the eddy radius and separation between eddy centers are based on the largest and shortest length scales involved in the anisotropic Gaussian superposition. Thus, the correct statistics of the turbulent flow are obtained provided that r e,x ≥ 3 max {l x,i } /2, r e,y ≥ 3 max {l y,i } /2, ∆ x ≤ min {l x,i } /2 and ∆ y ≤ min {l y,i } /2. The fluctuating velocity field introduced by the summation of N e eddies at each eddy center is defined as
IV.B.2. Homogeneous Axisymmetric Turbulence
A simple description of anisotropic turbulence corresponds to homogeneous axisymmetric turbulence, 38 in which the statistics of the turbulent flow are invariant to rotations along a preferred axis. Additionally, axisymmetric turbulence has been reported experimentally in both fan intakes 15 and fan wakes, 17 and used in previous works in the context of leading edge noise 7 and turbofan engine broadband noise. 20 In this work, leading edge noise predictions of isolated airfoils are performed by using the homogeneous axisymmetric turbulence model of Kerschen and Gliebe. 15 Assuming that the axisymmetric axis is aligned with the xdirection, i.e. the mean flow, the three-dimensional axial (streamwise) and transverse velocity spectra are defined as
and
respectively, where l a , u a and l t , u t are the length scale and root-mean-square of the fluctuating velocity component in the axial and transverse directions, respectively, and (k x , k y , k z ) correspond to the wavenumber components. A constraint of this model is that 2(u t /u a ) 2 ≥ (l t /l a ) 2 , which is easily verified in fan wake experiments. Furthermore, velocity spectra corresponding to the isotropic Liepmann turbulence model 52 are recovered by setting l a = l t = Λ and u a = u t = u rms in Eqs. 14 and 15. This reinforces the use of Kerschen and Gliebe's axisymmetric turbulence model 15 for broadband noise predictions of turbulence-airfoil interaction, since it can better reflect the energy contained in a wider range of length scales than a single Gaussian spectrum.
V. Effects of Anisotropic Turbulence on Leading Edge Noise
In this section, leading edge noise is investigated using isolated airfoils in moderately anisotropic turbulent flows. Variations in freestream Mach number, airfoil thickness and angle of attack are explored. For each airfoil configuration, the study examines effects on noise due to changes in streamwise-to-transverse length scale ratios, l a /l t , between 0.33 and 3 using Kerschen and Gliebe's axisymmetric turbulence model. 15 In ducted-fan configurations and open-jet wind tunnel experiments, turbulent flows tend to be stretched in the axial direction, so that cases with l a /l t > 1 are particularly relevant for turbofan engine applications. Nevertheless, cases with l a /l t < 1 are also documented for completeness of the analysis. In this work, turbulence length scales are small compared to the airfoil chord, as is the case in typical fan wakes.
The CAA methodology used herein for leading edge noise predictions is similar to the 'pseudo threedimensional turbulence' approach proposed by Gea-Aguilera et al. 12 The objective of such an approach is to combine affordable two-dimensional CAA simulations with a three-dimensional Ffowcs-Williams and Hawkings (FW-H) solver to perform leading edge noise predictions that can be compared with experimental results from open-jet wind tunnels.
For the two-dimensional CAA simulations, the anisotropic Gaussian superposition methodology presented in Section IV.B.1 is applied to synthesize homogeneous axisymmetric turbulence under the assumption of k z = 0. This assumption is based on Amiet's flat plate model, 3 in which the spanwise wavenumber (k z with the notation used in this work) of the oncoming turbulence does not contribute to the broadband noise for an observer at the mid-span plane in the far-field, provided that the turbulence length scale is small in comparison to the airfoil span. Thus, the k z = 0 assumption is used to generate a two-dimensional turbulent flow with the key statistics of three-dimensional homogeneous axisymmetric velocity spectra presented in Section IV.B.2. The baseline turbulent flow corresponds to isotropic Liepmann turbulence with l a = l t set to the integral length scale Λ = 0.008 m and u a = u rms set to 1.7% of the freestream speed. The k z = 0 hypothesis removes u t from Eq. 15. Nevertheless, u t is assumed to take a value that satisfies the constraint 2(u t /u a )
for the validity of the model. Moderate variations in the length scales away from the baseline case are made to study the effects of anisotropic turbulence on symmetric thick airfoils. Figure 5 shows a schematic representation of the airfoil configurations and reference frame that is used for the noise predictions. Each CAA mesh extends to 4 chordlengths in all directions around the airfoils, which have a chord of c = 0.15 m. The grid resolution is at least 8 points-per-wavelength for the smallest vortical waves that are correctly propagated by the CAA code. This corresponds to a chord-based Strouhal number, f c/U x , of up to 6 for the grid of a NACA 0001 airfoil at zero angle of attack in a M x = 0.6 flow. Such a configuration is used for validation of the numerical methodology. A refined grid with a frequency resolution up to f c/U x = 12 is used to study more challenging airfoil configurations on a NACA 0012 airfoil. To allow far-field noise predictions, unsteady data are collected on the airfoil surface from the twodimensional CAA simulation and copied repeatedly along the airfoil span. In the current study, the airfoil semi-span is set to d = 0.225 m. This numerical methodology generates a three-dimensional airfoil with straight leading edge that is used in a three-dimensional FW-H solver based on Farassat and Succi's formulation 1A. 53 The FW-H solver radiates the sound in a uniform mean flow to the far-field at a distance of r 0 = 20c in the mid-span plane. Time-dependent pressure fluctuations are calculated at 360 observer locations, with an observation angle resolution of 1 o . The unsteady pressure in the far-field is used to compute the sound power spectrum by assuming cylindrical noise radiation,
where S pp is the pressure spectral density,
The pressure spectral density is obtained by using Thomson's multitaper spectral analysis. 51 Note that due to the k z = 0 assumption in the velocity spectra, a π/d scaling factor needs to be applied to all frequencies of the pressure spectral density in order to recover the correct amplitude of the noise predictions.
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Analysis of the numerical simulations is organized as follows. Section V.A presents CAA simulations of a NACA 0001 airfoil at zero angle of attack for validation of turbulence and noise spectra. In Section V.B, airfoil thickness effects on noise are studied for a NACA 0012 airfoil at zero angle of attack, in various freestream Mach number flows, when encountering both isotropic and anisotropic turbulence. This airfoil is placed at an angle of attack of 6 o in Section V.C.
V.A. Flat Plates and Thin Airfoils at Zero Angle of Attack
Simulations of a NACA 0001 airfoil are presented for validation of the leading edge noise prediction methodology and initial analysis of noise from thin airfoils in anisotropic turbulence. The airfoil is placed in a M x = 0.6 uniform mean flow that convects the turbulent inflow as frozen turbulence. 50 The anisotropic Gaussian superposition methodology is used to reproduce Kerschen and Gliebe's axisymmetric turbulence model 15 with k z = 0. Appendix A presents values for u 0,i , l x,i and l y,i in anisotropic Gaussian spectra that are used in the superposition.
To assess that the correct velocity spectra are recovered from the CAA simulations, a monitor point was placed at approximately 0.2c upstream of the airfoil leading edge. At this location, a total of 3 × 10 Figure 6 shows numerical and analytical one-dimensional spectra of anisotropic turbulence for moderate l a /l t ratios. Results are in good agreement, showing the effectiveness of the anisotropic Gaussian superposition methodology.
Analytical E 11 and E 22 show a similar behavior with variations in the length scales with respect to the isotropic turbulence baseline. An increase in the streamwise length scale, l a /l t > 1, leads to slightly higher amplitudes at low frequencies and a significant reduction at high frequencies. Additionally, E 22 suffers from a slight shift of the maximum value towards lower frequencies. In contrast, an increase of the transverse length scale, l a /l t < 1, leads to a nearly constant increase in amplitude at all frequencies. The use of axisymmetric turbulence produces a redistribution of the energy in the velocity spectra when compared to isotropic turbulence with the same kinetic energy. This redistribution of the energy, which is caused by the different length scales involved, changes the amount of energy that contributes to the turbulence-airfoil interaction noise. The use of anisotropic turbulence can potentially lead to more accurate leading edge noise predictions. This is particularly important for analytical models, in which noise predictions are quite sensitive to the input turbulence model, as reported in Posson et al.'s work.
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Figure 7 shows analytical and numerical PWL and SPL spectra of a NACA 0001 airfoil. For validation purposes, Amiet's theory 3 for a flat plate is used with the transverse velocity spectrum in Eq. 15. The agreement between numerical and analytical predictions is within 2 dB at all frequencies. In Posson et al.'s analytical model for flat plate cascades, 20 a decrease in noise levels and a shift of the maximum noise amplitude towards lower frequencies was found when using Kerschen and Gliebe's axisymmetric turbulence 15 with l a /l t = 2 instead of l a /l t = 1. This result agrees with the trends of the PWL spectra in Figure 7 for an isolated flat plate with l a /l t = 2.
The shape of the PWL spectra in Figure 7 closely follow those of the E 22 spectra in Figure 6 , reaching the peak value at the same chord-based Strouhal number for each anisotropic turbulence case. Furthermore, the amplitude separation at a given frequency in dB between two particular l a /l t ratios is similar in PWL and E 22 spectra. Amiet 3 showed that the broadband noise due to the interaction of isotropic turbulence with a flat plate only depends on the transverse velocity spectrum. This result, which has previously been assessed in numerical simulation of symmetric NACA airfoils with 1% and 2% thickness-to-chord ratio, 11, 12 remains valid for thin airfoils in anisotropic turbulence.
Directivity patterns at f c/U x = 3 are shown in Figure 8 for further validation of the CAA simulations. The agreement of the numerical results with Amiet's model 3 prediction is better than 2 dB at the majority of observer angles. The location of the lobes due to the loss of compactness at high frequencies is correctly predicted by the numerical simulations. . PWL and SPL spectra for a NACA 0001 airfoil in anisotropic turbulence. 
V.B. Thick Airfoils at Zero Angle of Attack in Various Freestream Mach Number Flows
The effects of airfoil thickness on noise are studied for a NACA 0012 airfoil at zero angle of attack. It is well known that uniform mean flows over-predict leading edge noise from thick airfoils at high frequencies, and that viscosity can be neglected without significant loss of accuracy in the noise predictions. 8, 54 Consequently, an inviscid mean flow is used in the CAA simulations to account for mean flow gradients around the NACA 0012 airfoil. This allows the turbulent structures to be distorted in the vicinity of the airfoil leading edge, which is essential for correct leading edge noise predictions of thick airfoils.
54 CAA simulations were run at two different freestream Mach numbers, M x = 0.3 and M x = 0.6, using the parameters in Appendix A for the anisotropic Gaussian superposition. Figure 9 shows instantaneous contours of non-dimensional vorticity magnitude and fluctuating pressure in CAA simulations with eddies stretched in the streamwise and transverse directions. In both cases, acoustic pressure is generated at the airfoil leading edge and radiated to the far-field with a dipole-like directivity. However, pressure contours due to anisotropic turbulence with l a /l t = 0.33 present a broader frequency content than with l a /l t = 3. This observation is related to the shape of one-dimensional spectra shown in Figure 6 , in which the small amplitude difference between high and low frequencies in the l a /l t = 0.33 case makes fluctuating pressure contours to show a wide frequency content. In contrast, most energy in one-dimensional spectra with l a /l t = 3 concentrates at low frequencies. Figure 10 shows PWL spectra from anisotropic turbulence interacting with a NACA 0012 airfoil in a M x = 0.3 flow compared with analytical predictions for a flat plate. Noise reduction due to airfoil thickness occurs in all anisotropic turbulence cases investigated, following the same trends as the isotropic turbulence baseline. Therefore, the amount of noise reduction due to thickness is independent of the anisotropy in this case. Comparison of numerical PWL spectra with the flat plate prediction 3 shows a good overlap in ∆PWL = PWL| flat plate − PWL| NACA 0012 , which quantifies the noise reduction. Paterson and Amiet 5 found experimentally a 5 dB noise reduction on a NACA 0012 airfoil at f t A /U x = 1, which was used as a reference value for the breakdown of the flat plate model. This limiting frequency corresponds to f c/U x = 8.3 in Figure  10 . An earlier appearance of airfoil thickness effects on noise from a NACA 0012 airfoil has been reported in recent numerical and experimental studies. 54, 55 In this work, PWL spectra for isotropic turbulence suggests that the breakdown occurs at a lower frequency than predicted by Paterson and Amiet.
5 A 5 dB reduction in PWL due to thickness effect of a NACA 0012 airfoil is found at approximately f c/U x = 7 for both isotropic and moderate anisotropic turbulence at M x = 0.3.
PWL spectra from simulations with a freestream Mach number of 0.6 are presented in Figure 11 . ∆PWL spectra scales linearly with f c/U x , as found for M x = 0.3 in Figure 10 . This result is consistent with Paruchuri et al.'s work 55 for thick airfoils in isotropic turbulence, in which ∆PWL was found to scale linearly with f /U x .
The increase in the mean flow Mach number results in a worse overlap of ∆PWL spectra for different 
V.C. Thick Airfoils at Non-zero Angle of Attack
In this section, the NACA 0012 airfoil is rotated 6 o around its leading edge, as shown in Figure 5 . An inviscid mean flow with freestream Mach number M x = 0.3 is used in CAA simulations. This airfoil configuration is suitable to study possible effects of angle of attack on noise, while ensuring a subsonic flow around the airfoil. Figure 12 shows PWL spectra of a NACA 0012 airfoil at non-zero angle of attack.
Noise predictions are compared against simulations at AoA = 0 o from Section V.B by using a redefined ∆PWL = PWL | AoA=6 o −PWL | AoA=0 o . ∆PWL spectra shows that an increase in angle of attack tends to reduce the noise of a thick airfoil in anisotropic turbulence with l a /l t < 1, especially at high frequencies.
Synthetic turbulence methods that only enforce the transverse fluctuating velocity component under-predict the leading edge noise of thick airfoils at non-zero angle of attack. 11, 12 In a way, this also occurs in anisotropic turbulence with l a /l t < 1, since the transverse fluctuating velocity component may become notably larger than the streamwise component and is thus the dominant component, producing the noise reduction at non-zero angle of attack.
In anisotropic turbulence with l a /l t > 1, ∆PWL spectra present an increase of about 1 dB at all frequencies. Although such an increase is within the level of accuracy of the current methodology, the result indicates that a moderate increase in the angle of attack of a thick airfoil has little impact on PWL spectra. In contrast, Devenport et al. 7 showed an increase in SPL of about 5 dB for every 4 o increment at 800 Hz for a NACA 0015 airfoil in a M x = 0.08 flow with l a /l t = 2, suggesting a stronger effect of anisotropy on noise. The results of the current work, which have been successfully validated by using Amiet's theory 3 in Section V.A, are consistent with experimental findings. Although turbulence is considered nearly isotropic in open-jet wind tunnel experiments of leading edge noise, a certain degree of anisotropy exists. 5, 19, 56 For instance, Moreau and Roger 19 reported negligible variations in SPL spectra due to an increase of the angle of attack of a NACA 0012 airfoil, despite correcting the von Kármán and Liepmann isotropic spectra with an exponential decay function to obtain a better fit in the inertial subrange with experimental measurements. Additionally, the use of isotropic spectra in analytical models for the prediction of fan-OGV interaction noise usually offers an acceptable agreement with experiments, 20, 39 in which fan wakes often present l a /l t > 1 , suggesting that potential anisotropy effects might be negligible. 
VI. Conclusions
An advanced digital filter method has been presented for the generation of two-dimensional anisotropic synthetic turbulence that is suitable for leading edge noise predictions. The method realizes homogeneous anisotropic turbulence with well-defined velocity spectra through a superposition of anisotropic Gaussian spectra. To this end, a simple implementation strategy using an inlet section is applied to introduce anisotropic Gaussian eddies into the CAA domain. The method is applied to reproduce homogeneous axisymmetric turbulence with l a /l t ratios between 0.33 and 3, which is representative of the anisotropy in fan wakes.
Leading edge noise predictions of a number of airfoil configurations have been performed using a CAA solver to model the turbulence-airfoil interaction and a FW-H solver for the far-field noise radiation. The CAA methodology has been validated on a NACA 0001 airfoil at AoA = 0 o in homogeneous axisymmetric turbulence. Noise predictions show an agreement within 2 dB with the analytical flat plate solution. It is concluded that leading edge noise from thin airfoils mainly depends on the transverse velocity spectrum, regardless of the degree of anisotropy. The directional dependence of the length scales in anisotropic turbulence allows the energy to be redistributed over the different wavenumber components. This redistribution affects the amount of energy in the turbulent flow that contributes to leading edge noise.
CAA simulations of a NACA 0012 airfoil at AoA = 0 o shows that noise reduction due to airfoil thickness follows similar trends in both isotropic and moderately anisotropic turbulence. In particular, a 5 dB noise reduction is observed at chord-based Strouhal numbers of f c/U x = 7 in a M x = 0.3 flow. PWL| flat plate − PWL| NACA 0012 scales linearly with f /U x , and shows a good overlap for the different l a /l t ratios investigated at M x = 0.3. As the Mach number is increased, the onset of thickness effects on noise seems to be slightly delayed for cases with l a /l t > 1. This is believed to be related to the streamwise fluctuating velocity component, which becomes increasingly important with a larger l a /l t ratio.
An angle of attack increase of 6 o does not show significant changes on PWL spectra of a NACA 0012 airfoil in anisotropic turbulence with l a /l t > 1. In contrast, PWL spectra decays notably faster at high frequencies when l a /l t < 1 due to a noise reduction at downstream observer angles. Table A5 . Parameters to realize homogeneous axisymmetric turbulence with la/lt = 0.33 and la = Λ.
